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CORRIGENDUM TO “CHERN CONNECTION OF A
PSEUDO-FINSLER METRIC AS A FAMILY OF AFFINE
CONNECTIONS”
MIGUEL ANGEL JAVALOYES
Abstract. In this note we give the correct statements of [2, Proposition 3.3
and Theorem 3.4] and a formula of the Chern curvature in terms of the cur-
vature tensor RV of the affine connection ∇V and the Chern tensor P .
1. Curvature of two parameter maps
Throughout this note, we will use the same notation and conventions as in [2]
with a small exception: in local calculation (Ω, (ui)ni=1) denotes a chart on the base
manifoldM , and (pi−1(Ω), (xi)ni=1, (y
i)ni=1) is the induced chart on TM . Then x
i =
ui ◦ pi, yi(v) = v(ui) for every v ∈ TpM , p ∈ Ω. We agree to abbreviate composite
mappings like f ◦ g as f(g). Vector fields on Ω can naturally be regarded as local
sections of the pull-back bundle pi∗(TM); we use such harmless identifications all
the time.
Proposition 3.3 and Theorem 3.4 in [2] are not correct. In particular, the problem
in Proposition 3.3 is that RV (V, U)W depends also on Dγ˙γU(γ(a)), so it is not
independent of the extension of u. The corrected versions of such results are given
in Theorems 2.2 and 1.1, respectively. In order to formulate the correct results we
need to associate a curvature operator to every two-parameter map.
Let us begin with some definitions. Given a pseudo-Finsler manifold (M,L) and
an L-admissible vector field V on Ω ⊂M , we define a (1, 3) tensor PV by
PV (X,Y, Z) =
∂
∂t
(
∇V+tZX Y
)
|t=0,
whereX,Y, Z are arbitrary smooth vector fields on Ω. Let us observe that the tensor
PV is symmetric in its first two arguments because ∇
V is torsion-free. Moreover,
in coordinates PV is given by
PV (X,Y, Z) = X
jY kZ lP ijkl(V )
∂
∂uk
,
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where P ijkl(V ) =
∂Γijk
∂yl
(V ). In particular, it is clear that the value of PV (X,Y, Z)
at a point p ∈ Ω depends only on V (p) and not on the extension V used to compute
it. From the homogeneity of ∇V , namely, from the property ∇λV = ∇V for every
λ > 0, it follows easily that
PV (X,Y, V ) = 0. (1)
In [4, Eq. (7.23)], this tensor is called the Chern curvature. To avoid confusion with
the Chern curvature in [2, Eq. (15)] we will refer to it as Chern tensor. Observe
that there is a misprint in [2, Eq. (15)]. The right formula for Chern curvature is
Rv(V (q), U(q))W (q) = V
kU lW j(q)R ij kl(v)
∂
∂ui
(q), q := pi(v).
Let us also define the curvature of any L-admissible two parameter map
Λ : [a, b]× (−ε, ε)→M, (t, s)→ Λ(t, s).
(Here ‘L-admissible’ means that Λt(t, s) ∈ A for every (t, s) ∈ [a, b]× (−ε, ε)). To
avoid problems with differentiability, we assume that this map can be extended to
a smooth map defined in an open subset (a¯, b¯) × (−ε, ε) ⊂ R2, with [a, b] ⊂ (a¯, b¯).
Then for every smooth vector field W along Λ we define the curvature operator
RΛ(W ) := DΛtγsD
Λt
βt
W −DΛtβtD
Λt
γs
W,
(see the notation in [2, Section 3.1]). In the following theorem we will relate the
curvature of a two parameter map with the Chern curvature and the tensor PV .
Then we obtain the correct version of [2, Theorem 3.4].
Theorem 1.1. Let (M,L) be a pseudo-Finsler manifold. Consider an L-admis-
sible smooth curve γ : [a, b] → M , an L-admissible two parameter map Λ : [a, b] ×
(−ε, ε)→M such that Λ(·, 0) = γ and a smooth vector field W along Λ. With the
above notation,
RΛ(W ) = Rγ˙(γ˙, U)W + Pγ˙(U,W,D
γ˙
γ γ˙)− Pγ˙(γ˙,W,D
γ˙
γU), (2)
where U is the variational vector field of Λ along γ, namely, U(t) = Λs(t, 0).
Proof. Observe that using the formula for DΛtγsD
Λt
βt
W −DΛtβtD
Λt
γs
W in the proof of
[2, Proposition 3.3] and formulas (13) and (14) in [2], we get
RΛ(W ) =
[
W iU j γ˙p
∂Γkij
∂xp
(γ˙) +W iU jΛptt
∂Γkij
∂yp
(γ˙)
−W iγ˙jUp
∂Γkij
∂xp
(γ˙)−W iγ˙jΛpts
∂Γkij
∂yp
(γ˙)
+W iU j γ˙m
(
Γlij(γ˙)Γ
k
lm(γ˙)− Γ
l
im(γ˙)Γ
k
lj(γ˙)
)] ∂
∂uk
(γ).
Since
Λptt = (D
γ˙
γ γ˙)
p − γ˙iγ˙jΓpij(γ˙),
Λpts = (D
γ˙
γU)
p − γ˙iU jΓpij(γ˙),
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we find that
RΛ(W ) =
[
W iU j γ˙p
∂Γkij
∂xp
(γ˙)−W iU j γ˙mγ˙nΓpmn(γ˙)
∂Γkij
∂yp
(γ˙)
−W iγ˙jUp
∂Γkij
∂xp
(γ˙) +W iγ˙j γ˙mUnΓpmn(γ˙)
∂Γkij
∂xp
(γ˙)
+W iU j(Dγ˙γ γ˙)
p
∂Γkij
∂yp
−W iγ˙j(Dγ˙γU)
p
∂Γkij
∂yp
(γ˙)
+W iU j γ˙m
(
Γlij(γ˙)Γ
k
lm(γ˙)− Γ
l
im(γ˙)Γ
k
lj(γ˙)
)] ∂
∂uk
(γ). (3)
Finally, (7) follows easily from the last relation and definitions taking into account
that γ˙iΓkij(γ˙) = N
k
j(γ˙). 
As a consequence of Theorem 1.1, we can define
Rγ(γ˙, U)W := RΛ(W˜ )
for any vector fields U and W along γ, where Λ is any L-admissible two parameter
map such that Λ(·, 0) = γ and Λs(t, 0) = U(t), and W˜ is any extension of W to Λ.
The last theorem ensures that Rγ does not depend on the choice of two parameter
map, neither on the extension of W .
Lemma 1.2. Given a pseudo-Finsler manifold (M,L) and its Chern tensor P , we
have that Pv(v, v, u) = 0 for any v ∈ A and u ∈ Tpi(v)M .
Proof. It is enough to show that yiyj
∂Γkij
∂yp
= 0 for any k = 1, . . . , n. Using that
yiΓkij = N
k
j we get
yi
∂Γkij
∂yl
=
∂Nkj
∂yl
− Γklj . (4)
Since the functions N ij(v) are positive homogeneous of degree one, we have
yl
∂Nkj
∂yl
= Nkj . (5)
Using (4) and yjΓklj = N
k
l, it follows that
yjyi
∂Γkij
∂yl
= yj
∂Nkj
∂yl
− yjΓklj = y
j
∂Nkj
∂yl
−Nkl. (6)
Introduce the spray coefficients Gi = γijky
jyk and observe that 12
∂Gi
∂yj
= N ij (see
[1, Eq. (3.8.2)]). Using the last relation and (5), we get
yj
∂Nkj
∂yl
= yj
1
2
∂2Gk
∂yl∂yj
= yj
∂Nkl
∂yj
= Nkl.
Substituting this in (6) we finally conclude that yjyi
∂Γkij
∂yl
= 0. 
Corollary 1.3. For any L-admissible curve γ : [a, b]→M we have
Rγ(γ˙, U)γ˙ = Rγ˙(a)(γ˙(a), U)γ˙ + Pγ˙(U, γ˙,D
γ˙
γ γ˙). (7)
Therefore, the value of Rγ(γ˙, U)γ˙ at t = s0 ∈ [a, b] depends only on U(s0) and γ,
and not on the particular extension of U used to compute it.
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Proof. A straightforward consequence from (2) and Lemma 1.2. 
2. Relation with the curvature tensor RV
Let us see how the curvature tensor RV relates to the Chern curvature RV and
the Chern tensor PV .
Theorem 2.1. Let (M,L) be a pseudo-Finsler manifold, V an L-admissible vector
field on an open subset Ω ⊂M , and let X,Y, Z be arbitrary smooth vector fields on
Ω. Then
RV (X,Y )Z = RV (X,Y )Z + PV (Y, Z,∇
V
XV )− PV (X,Z,∇
V
Y V ). (8)
Proof. By definition, using the same notation as in the proof of [2, Proposition 3.3],
over Ω we have
RV (X,Y )Z =
[
ZiY jXp
∂Γ˜kij
∂up
− ZiXjY p
∂Γ˜kij
∂up
+ZiY jXm
(
Γ˜lijΓ˜
k
lm − Γ˜
l
imΓ˜
k
lj
)] ∂
∂uk
. (9)
Now observe that
∂Γ˜kij
∂up
=
∂Γkij
∂xp
(V )+∂V
l
∂up
∂Γkij
∂yl
(V ) and (∇VXV )
k = Xp ∂V
k
∂up
+XpV lΓkpl(V ).
Using this, we conclude that
Xp
∂Γ˜kij
∂up
= Xp
∂Γkij
∂xp
(V ) +Xp
∂V l
∂up
∂Γkij
∂yl
(V )
= Xp
∂Γkij
∂xp
(V ) + (∇VXV )
l
∂Γkij
∂yl
(V )−XmV nΓlmn(V )
∂Γkij
∂yl
(V ).
Taking into account that V nΓlmn(V ) = N
l
m(V ), we get
Xp
∂Γ˜kij
∂up
= Xp
∂Γkij
∂xp
(V ) + (∇VXV )
l
∂Γkij
∂yl
(V )−XmN lm(V )
∂Γkij
∂yl
(V ). (10)
In the same way,
Y p
∂Γ˜kij
∂up
= Y p
∂Γkij
∂xp
(V ) + (∇VY V )
l
∂Γkij
∂yl
(V )− Y mN lm(V )
∂Γkij
∂yl
(V ). (11)
Substituting (10) and (11) in (9), we obtain (8) in coordinates. 
Finally we can give the correct version of [2, Propositon 3.3].
Theorem 2.2. Let γ : [a, b] → M be a smooth embedded L-admissible curve and
V an L-admissible smooth vector field defined on an open subset Ω ⊂ M . Assume
that γ([a, b]) ⊂ Ω and V coincides with γ˙ along γ. Then
Rγ(γ˙, U)W =
(
RV (V, U˜)W˜ + PV (V, W˜ , [U˜ , V ])
)
(γ), (12)
where U and W are smooth vector fields along γ, and U˜ , W˜ are extension of U,W
to Ω, resp.
Proof. This follows easily from (2) and (8) since ∇V is torsion-free. 
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Remark 2.3. Observe that the expression in [2, Corollary 3.5] is valid. Indeed,
more generally, for every v ∈ A and u,w ∈ Tpi(v)M , it holds that
Kv(u,w) =
gv((R
γv (γ˙v, U)W )(t0), γ˙v(t0))
L(v)gv(u,w) − gv(v, u)gv(v, w)
, (13)
where γv is the geodesic such that γ˙v(t0) = v and U,W are arbitrary extensions of
u,w along γv. Recall the Kv(u,w), the predecessor of the flag curvature, is defined
as
Kv(u,w) =
gv(Rv(v, u)w, v)
L(v)gv(u,w) − gv(v, u)gv(v, w)
.
To prove (13), we show that if γ is a geodesic, then
gγ˙(R
γ(γ˙, U)W, γ˙) = −gγ˙(R
γ(γ˙, U)γ˙,W ) (14)
where gγ˙ is given by the rule gγ˙(X,Y ) := gγ˙(t)(X(t), Y (t)) for any two vector fields
X,Y along γ. This holds trivially in the interior of the set where U is proportional
to γ˙, because in this case [U˜ , V ] is proportional to V , and then applying (1) and
the antisymmetry of RV in its first two arguments to (12), we get Rγ(γ˙, U)W =
Rγ(γ˙, U)γ˙ = 0. If γ˙ and U are linearly independent, then we can choose extensions
V and U˜ with [U˜ , V ] = 0, and (12) together with [2, Proposition 3.1] and [3, Lemma
3.10] conclude (14). By continuity we can extend (14) to the interval of definition
of γ. As the right hand side of (14) does not depend on the extension U of u along
γ, we can compute the left hand side assuming that Dγ˙γU = 0, and using (2), we
get (13).
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